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(33) 4.2 The Rolle's Theorem (B)

Example 7
19 July 29, 2000

Show that equation x” + 5x + 3 = 0 has exactly one real root

Solution
let f(x)= x”+5x+3
-~ f cont. on R
f diff. on R
£(0)=3 >0
f(-1)= -1-543=-3 <0
~ 3¢ € (—1,0) suchthat f(c) =0 LV.T

=~ the equation f(x) = 0 hasareal rootin (—1,0)
FMx)=7x6+5 >0

let ¢, & ¢, are two real roots of the equation f(x) = 0 suchthat ¢; < c,
f cont. on [cq, ;]
f is diff. on (¢4, ;)
fle)) = flez) =0
e (dislich chat'-f \(K) = 0 Rolle's Theorem
but f \(x) +0
S0 = Cy
=~ the equation f(x) = 0 has exactly one real root

Example 8 Let f(x) = tan x + 4x — 3. Use the Rolle's Theorem to prove that
5 July 13, 1992 the equation f(x) = 0 hasonly onereal root in (0, %)

Solution

f(x) = tanx +4x —3

~ f cont. on [O,E]
4
f(0)=0+08- 3==+3 <0

f(%)z 1+7-3>0

Vis
~ Jc € (O’Z) such that f(c) =0 LV.T

T
~ The equation f(x) = 0 has areal solution in (O, Z)
F \x) =sec?x+4>0
T
Let ¢; & ¢, are real solutions in (O'Z) such that¢; < ¢,
f cont. on [cy,c,]
f diff. on (¢, cy)
fler) = flez) =0
~ 3 K €(cy,c,) suchthat f \(K) =0 Rolle's Theorem
but f\(x) > Vx €R
v 0 =0
~ f(x) = 0 has only one solution




(33) 4.2 TheRolle's Theorem (B) P2

Let £, f\and f\\ be continues functionson [ a, b ] , Suppose that the
Example 9 graph of f intersect the x—axis at 3 pointsin(a,b).
33 May6,2004 | ghow that £\(x) = 0 hasasolutionin (a,b)

Solution
« f\ cont. on[a,b]
~ f&f\are diff. on [a,b]
let the graph intersect x — axis atcy,c;,¢c3 € (a,b ) suchthatc; < c, < c3
“ fle) = flez) = fle3) =0
(i) f cont.on [¢;,¢cy]
fdiff. on (¢, c;)
fler) =f(c) =0
~ 3K, € (¢;,c,) suchthat f\(K;) =0 Rolle's Theorem
(ii) f cont. on [ ¢y, c5]
f diff. on (c¢y,¢5)
flez) =f(c3) =0
~ 3K, € (cyc3) suchthat f\K,) =0 Rolle's Theorem
f\ cont. on (K, K5)
£\ diff. on (K., K,)
MK = fMKR) =0
~ 31 m € (K, K,) suchthat f\\(m) =0 Rolle's Theorem
~ f\(x) =0 hasasolution in (a,b)

Use Ralle's Theorem to show that the graph of
Exam |elO f(x)=x4+x3—3x2+x+1

37 May 4, 2006 Cannot have more than one inflection pointin [ 0, 1]

Solution
f(x)=x*+x3—-3x2+x+1
FNx) = 4x3 + 3x% — 6x
fN\(x)=12x%+ 6x—6
F\WN\(x) =24x+9
let f has two inflection points on (0,1) atx = ¢; and x = ¢, suchthat ¢; < ¢,
o fNMe) = fNMe) =0
f\ cont. on [¢;,c; ]
N\ diff. on (¢q,cy)
e = f\e)

~ 3K € (0,1) such that f\\\(K) =0 Rolle's Theorem
but f\(x) =24x+6 >0 Vx € [0,1]
L0 =06

=~ f Cannot have more than one inflection pointin [ 0, 1]
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(33) 4.2 TheRolle's Theorem (B) P3

3x
Let f(x) =7+sinx—a

3
M) = S tcosx > 0

f cont. on R
f  diff. on R

Use Rolle'sTh to show that for al a € R th ati
Examlolell se Rolle's Theorem to og\; oral a e equation
46 August 1, -2—+sinx=a
2009 has at most one solution
Solution

let ¢, & ¢, are real roots for the equation f(x) = 0 such that ¢; < ¢,

f cont. on [c¢;,cy ]
f.diff.on! (cy , cy0)
fler) = flez) = 0

. 3K € (c;,c;) suchthat fMK) =0 Rolle's Theorem

but fMx) >0 Vx€ER

» f(x) = 0 has at most one solution

3x

~ —+sinx —a = 0 has at most one solution

2
3x

~ — 4+ sinx = a has at most one solution

2

Example 12 Let f(x) = x?> —x + cosx .
47 December 22, | gnoy that the equation f'(x) = 0 has exactly one solution

2009
Solution

f(x) =x% —x+cosx
f\Mx) =2x—1—sinx
fN\Nx)=2-cosx>0
M0)=-1<0
fM@m)=2n-1-0>0
f\ cont. on (0,m)
~ 3¢ € (0,m)suchthat f\c) =0 LV.T

» the equation f\(x) = 0 has a real rootin (0,7)
Let ¢, ,c, arereal roots in (0,7) for f\(x) = 0 such thatc; < c,

f\ cont. on (c;,c;)
£\ diff. on (c;,cy)
f\(c1) = f\(cz) =0

3K € (cy,cy)suchthat f\(K) =0 Rolle's Theorem

but f\\(xX) >0 Vx € R
Cl = CZ

- the equation f\(x) = 0 has exactly one real solution
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(33) 4.2 TheRolle's Theorem (B) P4

Homework
1 14 December 18, 1997
= | Show that equation x* + 3x + 1 = 0 has exactly onereal root
2 38 January 15, 2011
£ | Show that equation f(x) = x> + x3 — 1 exactly onerea rootin[0,1].
3 16 July 30, 1998
X | Show that equation x3 + x — 17 = 0 can not have two distinct real roots
I il Show that equation x3 + 5x + ¢ = 0 has exactly one real root I
| é Show that equation 4x3 — 6x% + 4x — 1 = 0 hasexactly onereal rootin (0, 1) |
6 34 Jduly 22, 2004
= | Showthat f(x)=x*+2x?—-3x+1 hasexactly one critica number
7 31 Juneb, 2008
= | show that equation 2x° + x — 1 = 0 hasexactly onereal solution
I § If f(x) = x5+ 9x + 1, Show that the equation f (x) = 0 has exactly onereal root. I
9 Let f(x) = x° + 9x + 1. Show that f(x) isincreasing function
= | and the equation f(x) = 0 has exactly one real root
I 10 | Show that equation x>+ ax +3 =0,a > 0 hasexactly one real root I
44 December 21, 2008
11 | UseRolle's Theorem to show that the equation x7 + 4x* +x —2 = 0 cannot have
two different roots.
49 July 24, 2010
12 | (3 Points) Use Rolle's Theorem to show that the equation
4x3 +4x+3 =0 Cannot have more than one real root
13 | Show that equation x> + 5x + 10 = 0 has exactly one real root
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(33) 4.2 TheRolle's Theorem (B) P5

Homework

25 January 12 .2003
Let f(x) =xcosx.

=

T T
Use Rolle's theorem to show that f\\(c) = 0 for some € € (— S E)

41 7 January 2012
[4 Pts.] Show that the equation x® — 3x2 + 5x = 7 has exactly one real root .

G

13 Show that equation x> + 5x + 10 = 0 has exactly one real root

Solution

Let f(x) = x°>+5x+ 10
f\x) =5x*+5 >0
~ f cont. on R

f diff. on R
£(0)=10 >0
f(=2)= (=2)5+ 5(=2)+10 = =32 <0
s~ 3¢ € (—2,0) suchthat f(x) =0 LV.T
Let ¢; & ¢, are two real roots such that ¢; < ¢,
fler) = fle) =0
f cont. on [cy, c,]
fdiff. on (cq,c3)
~ 3 K suchthat f\(K) =0 Rolle's theorem
but f\(x) # 0
0= 06
=~ the equation f(x) = 0 has exactly one real root
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